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. HTX
ftx)y =% b, sin - 7 » where

=1

2 . . HAmx
!_rn =7 Ij(x) sin e dx
{}

{
?— j ({x-x%) sin ”%n: dx. Applying Bernoulli’s rule,
0
!
[ oo N - sy T |
_2 (;’1 _x } - CO}"_.L_ — [I“Zl’) ) _“nliﬁ__,_(_Z) ios’__f_ r
! f\ ”’T/*’) { nm/t Y ( sl )3 JJU

-4 P cos HIY "]I
= - P s — o
”3 7[3 ‘;‘ _} 1]

(Ix~x% s wroat x = 0, I and sinnm = 0 = sin ()

-4

4P n:
b" 3 3(cosm': 1)-——3-—-5 {1—(-—1)

The sine half range Fourier series is given by

42 - 1 . HRXx
flxy="5 ¥ —311«(4)”}51:1-—!--
n n=1 H
p I=(+1) = 0 when n is even
But 1=(-1) {]~(=1):2whennisodd
47 - 2
f(x):—g— 3 "3 sin n—?{
n w=1,35. .
_ 81° 1 . amx
te., fix) = 3 ¥ "3 sin e
T n-n3s.

5,...are odd numbers represented in general as (25 + 1) where
n=20,1,2 3 .. . Thus we have,
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34, Show that © - x =+
2 T

>> From the given answer and the given interval of x it is evident that we have to find

the sine half range Fourier series of f(x) = ; - xin (0, I}

The series is represented by

{
- . HTX 2 . NTX
f(x) = Z b” sin s Wherc b” = I If(x) Sln_f dx
0

o=l !
J i
. HMX
ie bn =7 I[§ - x) sin =~ dx
0
{
e Ceipg X
b _‘_2_ L K . ..2-} {1y - - !_
o2 x/| (mt/?) (=1 2
(mt/l\) 0
{
-2 1 ! HTX . . :
= -2 2 ||z -x]cos 5-| , since sinnn =0 =sin0
I nm 2 ! o
=2 I cosnm L ! (cosnm+1)
= — —_ = — = = — (
nn 2 2‘ na

I :
b = “1+(-1)"
Hm - +( )I

n

The sine half range Fourier series is given by

2=

i - i X
)=+ 5 = 1+(=1)""sin"7"
T i : !
n=1
= 2 when #n is even

IR
But 1+(-1) "{]_1=0whenn is odd

! 2 . nmx
fgy=4 XL gsme
n=2,4,6,...
But 2, 4, 6,.... are even numbers represented in general as 2n where
n =1, 2,3, ...and hence we can write the series replacing n by 2n in the form,
I = 1 2nmx
f(x) - B E i
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35. Find the cosine half range series for f(x) = x(l-x); 0 € x < |

>> The cosine half range Fourier seriesof f(x) in [0, ] is given by

{a o
0 HIX
flx)=y +Za, cos ~7»where
no=1

! f
2 2
g = 7 jf(x)dx a, =3 If(x) cos —— dx
0 0
! !
_ 2 2\ gy - ¥
ao—f—j(!x—x)dx—z{fz—z'J y,
0 0
_2(P By B
S1l273) 3
u0/2—12/6
2:’
a, =7 I(Ix—xz) cus % dx
0
i
. HTX nnx HRX
sin = - cos - smT
= 2| (- (1-2x) - - $(-2) ————
i ) (nm/l) (nn/l)> (/1) .
2 P !
= (I-2x) cos arx since first and third terms vanish.
[ 22 [,
21 -2
= (=1 cos nn-1) = {cosnm+1)
nZT[Z 2 2
-2P ‘
a = = {1+(-1)"
3 1}12:":2{ j

Thus the required cosine half range series is given by
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36. Obtain the half range cosine series for the function

. WX ) o )
f(x) = sin [!— ] wiwre m s a positioc integer over the interval (0, 1)

a .
>> Wehave f(x) = -2—[+ > 4,008 _:_g{;t_.x_ where
L
a, = ? j_f(x]dx and a, = ? If( X)cos ”Tt dx
O
!
aQ, = —?— j sin -{?I—;t—'-‘-/ dx
21 7 -2 2
= —cos T 2 T (cos -1y = — = (=1)" -1
I mn / . mm mr '
b1 ml
— = — 1= (-1)"
2 mn{ (=17
5 f
.Y CHEX
n =7 Jsm Tpcos Ty i

! ,
2 r1 e v
=7 '[2 sin{ m+ 1) ; sin {1 — H} !, de

-1
- _ X { ™o
= com i HE Y, — ceos{m-n)- |, mEN
(+ 7 { (m—;} !Jn

- ]
:1{ ! cos{m+n)en-1 - - cos(m-—n)n-~1 }

(m+n} - n
1) -1 1] 1 _ .
= — mm e ee g - a0 T COS NTT - SIN AT SN NT
b1 ] m+n m—nJ' m+n
L L
l -].
+ COSPITT COSHT + SINMT sinnmT |
(m-n) !
-1 ! 1) 1 1 ]
= = | =) e ¥ COSMITL COSHT S e L
s fmtn o Jf m+n m—n J

where we havesin mn = 0 = sin nm
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1 2m ! :
a, = — > --2-!1—cosmn COSHT
Tl m -n
2m m+n+1l
a,= - S {1+(_1) }Where me#n
n(m —n")
{
L 2 HY HITX
If m=na == sin —— ¢os ~— dx
" ! ! !
0
{ !
. 1 .[ . 2nmx 1 -1 2nmx
ie., == sin- —dx = — Q8 ——~
?I T I|2nm !
0 0
1 .
=-_—(cos2nm-1) =0, since cos2nm = + 1
2um

a = 0 when m = n.

Thus the required cosine half range Fourier series when 1 # n is given by

foy=——fi--1ymie g o 2 )-{1+(—1)’"+“+1}cos-’ﬂ

37. Find a cosine series for f(x) = (x-1)2,0 <x <1

>> Comparing the given interval [0, 1] with half range |}, 1] wehave ! = 1. The
corresponding cosine half range Fourier series is given by

a -
0
flx) = 5 T 2 4,cosnmx, where

a =1

=
|
— | 2

1
If(x) cos nmx dx
0

1
2
a1 jf(x) dx ; 4, =
]

~
I

[SSRR )

1 1
x-1) 2, i
0 Zg(x—l)zdxzz{(- 3 )"'L=§'|Oﬂ(—1)3 =

aD/Z =1/3

1"
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1
a =2 j(x—-] )zcosm'cxdx.
0
!

2] - : 1

=2 (x-10 - TR gy - SRR L SEIR

n T oI JU
4 N 4 4
= -1 (x—1)cos ntx | = 0 (-1)! = —
" [ JU n* n’

a, = 4/n*n’

Thus the required cosine half range Fourier series is
1 4 -1
f(x)=5-+—i 3 5 COS NMX
n =1 H

Note : Byputtimg x = 0 and x = 1 in the series we can respectively deduce the series

Z_ 1.1 1 & 1 1 1
6 12 22 32 SRS U -
o
Adding these we also obtain E . . + -:l:) + i,) + -
S G S S

38. Find the cosine lalf range series of f(x) = xsinx in 0 < x < m Deduce that

._1 _ 1 . 1 L. = n- 2 1 + ._%_. — _2_ 4 _2__ — T[
13 3~ o -y 7 13735 757 7 T2
>> The cosine halt v 2o series of f(x) inhalf the range (0, 7n1) is given by

il
il .
f(x) = 5 + Y a cosnx, where
ao= |

R n
2 2
% = n ‘[f(x) dx,a” T ,[f{l’) cos Y dx
0 0
14 2 P
ie. Ay = _[xsjnxdx ;oa, = E Ix SN Y COS 1Y dx

0 0]

Referring to Problem-14 for the integration process, the required series is given by

1 e (_1)n+l
flx)=1-_-cosx+2 ¥ ~—"—— cosnx
2 =2 nz—l

Now putting x = 7/2, f(x) = /2 sin(n/2) = n/2
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I'he Fourier series becomes

=1 i+l
T . 1+2% (——2)— Cos 1
2 n-2 R -1 2
T S BUAR AT -2 “ =1yt n
;-1=2%= - COS—— or co—=2% ——"— Cos "=
2 n=2 N -1 2 2 :aé:z n2__1 2
On expanding the RH.S and using cosm = -1 = cos3n = cos5n. ..

cos(3n/2) = 0 = cos(5n/2) -+ we get
-2 1 1 1
4 3 15 35
-2 1 i 1

Thus = =93 " 35 * 57 -

ar

T 2 2 2

— = 1+.. I + = I

2 1-3 3.5 5.7
X in < x < -

39. If f(x) = ] n show that
[ M—X M T <X <7
: 2
4 ( . sin3x  sinbx |
) f(x) = giny — o MR

Gi) flryo T 2[cos2x  cosbx coslOx 7

iy =y RL 2T T 52 J
>> f(x) isdefinedin (0, m) and we need to find the Fourier sine half range series
and cosine half range series separately.

(i) The sine half range series is given by

o
fixy= % b” sin nx, where b” = i Jf{ X} sinnx dx

[ 4]
:n/? T
. 2 ‘ , |
ie., b = xsinnxdy + | {(n—x) sinnxdx
28
1 0 T2
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Applying Bernoulli’s rule to each of the integrals we have

T2
2 |f COSs HXY sinMx
n
{
) T
—COSMX —sinny
+[(n—x)-—-------- —(—1)'—2—]
n
2
2 {1 ns2 1 T2
= - - [xcosnx | + 5 [ sinny |
H 0 " 0
1. " 1 n
—";(ﬂ:—x)cosn:rJ - — | sinnx]
L 2 n 2
2 1 -1{mx HT ) 1 { HE
_n{n[zc%z 0J+n2Ls: 2—0]
1 Hnm 1 nm
_H[U—qcob 2]—n2{0—em ZJ}
P ek S LR S TN P
= T 2}‘]‘ 2 nz 51 2 2?1 CO5 2 ”2 SN 2 J
_2 2, m
n* 2
4 . HT
bn=—zsm?

nn

The required sine half range series is given by

4 = 1 :

f(x):; > sin -!—122 sinnx
n=1 H
41 o 1 .. 3n |
{x)=—{—=sin 7 sinx + 4 sinTSIN2xy + -, sin . sin3x + --- 1

SRR PR 2 J
f(x)=4 Smx_§1n3x+§1_1§5_x__”

s 32 52

(ii) The cosine half range Fourier series of f(x) in (0, n) isgivenby

.

+ Y a, COS MX, where

wo=1

a
flx) =3
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T ki
2 2
aozgjf(x)dx; alrz-TEJ_f(x)cosn.rdx
0] 0
R /2 n L
QDZE jxdx+J(Tt—x)dx
0 n/2 f
/2 n
_2 < o 2
“rll 2 T2
0 n/2
_2 (2 o o) (2 _2)|_n
“U_n{[S*OJJ'[“_z 127872
a,/2=mn/4
5 /2 n
an=E J'xcosnxdx+j(n—x)cosnxdx

g n2

Applying Bernoulli’s rule to each of the integrals,

2
_2 sinnx cos nx
noo r H - - n2
0
+{(n_x)§1@¥_(_1),_

A lh2

[ 1 2 1 n2
{ = [xsinnx] + — [cosnx]
| ? 0 n 0

T

]_ -1
+ .-r(n—x] sinrrxj
nt n/2

Tim gom oy, L o
" 2sm2 J H2LL052

N
T HT

]
—

[
a

1
- [ cos nx )

H

ns2

T

/2

P P A A e  cos
" 5 sin ] } ”2 COsS nn €05 >

n a1 {

)

awm T2 T2 2

2

. Hm 1
= oo osin o+ Lcos = — 1-cosnm+ cos -
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2 ) -2 ‘
= — {— 1 - cos nm+2 cos o ‘ = - J 1+(-1)"-2 cos di)
LR 2 ) gpt l 2 J
But 1+(-1)" =2 when n iseven
=0 when 5 isodd
) ;
a, =3 [ 2 -2 cos E | where n =2, 4, 6, ...
TH 2]
-4 ( nm |
a = |1 =-cos— | n=2 4 6,
Toant | 2
f
e 1 1-{-1)=2 where n = 2, 6 10, ...
But ! ) _'ll~{+1)=Owheren: . 8,12, ...
a '4(2) - here n = 2, 6, 10
= - = -- where # = 2, 6, ;
R T
The required cosine half range Fourier series is given by
8 1
fix} = Z — - 3 5 €0S nx

n=2,610 .. n-

ie., f(x} = LI 8 —-15 o8 2x + 1—2 cos bx t 1,, cos 10x + --- |
: s 6 10° )
= ﬂ 8L l,, cos 2x + ! cos b+ 1,, cos 10x + - --
4 m 22|17 3?2 52 |
_ % _2fcos2x cosbxr coslOx

40. Obtain the sinc half range scries of

1 : ]
= —xinld < x <
4 2
f(x): 3 1
i_\'~—;i:1§<_xcl

|

>> f(x) is defined in {0, 1). Comparing with haif the range (0, 1) we have
I = 1. The correspunding sine half range series 1s given by

1

flx) =

n il

. 27 - ,
b” sin gy where h” =1 J F{v)ysinnax dx
1 N
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142 I
4
ie, !')” =2 [ I (}1 —_\f\i sin HTy dh + _[ L.x‘ - %1 sin m'ua',’cJl
1o / 172 s
Applying Bernoulli’s rule to cach of the integrals,
[ 12
{1 Y~ COS UTX — sin nmx
b — 2 | sy . ___E._t_..__._ _ (_] ) . . X
" { {4 nn n® 2
0
1
/ 3} —cosnmx - sin nmx
+ X — . C . . .
[ 4 1 n® 2
1/2
[l 2 _‘1 2 - 1/2
-1 1 ; 1 .
= -— r = — x| cosnmx - 4 [sm mtx}
M L 1\ 4 } ¥ T[“ 0
0
1 1
1 [ 3 W 1 -
- — | % — 7| cosHRX + 55 Lsm rmx}
nm| 4 ] nem 1/2
172
2(—1( 1 o 1\| 1 nn‘i
= — o S . S L
nm | 4 2 4}| 1 e L 2 )
1 {/1 n+] mrr\{r 1 0 . hm
- s Cosn — 08 5|+ 5 - sin —
nm i 4 4 2 J n ml 2
=2 1 | COS m + 1~ cosum —cos e z sin ‘.'.’”_'F
- dnm | 2 i 2 12 2 2
B 2
=2!—=-(1-cosnm) ~ 55 sin R g
dnm e 2 J
1 ‘ 4 nm
b =-—1i1-(-1)": -~ - —5 sin -~
T 2um [ 2

Thus the sine half range series is given by

f(x) = E, {;:Tt 'il—-(—l)"l‘—"i';i sin > sin nMY
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41, Obtain the sine half range Fourier series for the function

% in USIS%
flx) =

2k o

T(f—x)mééng

>> f{x) isdefinedin (0, !) and the sine half range series is given by
f

in X 2 (. . HTX
f(x):zlb” sin =", where bn:—!— jf(x)sm e dx
"o 0

o) !
2 2k 2k
bnzT —!—xsinﬂ?zdxwtIT(I—x)sinE?—xdx
! %)
I 12 { ok
L NRX 2R i X
—{2 _[xsmfd.\+J{(f ,\)smzdx
.0 {72
On integration [similar to Problem - 39 (i)] we obtain & = B sin nn
" ?‘12 TI:2 2

Thus the required sine half range series is given by

8k = 1 Hf HIX
flx)="5 ¥ -5 sin sin -
7 w=1 n? 2 !

42. Obtain the half range cosie ~crics for the function

i n
— 1 - <
37 { Voo 3
_ n_ . _2n
f(xy=40, 3 <A<
-n Z2n
7, 6" < X < T

>> f(x) isdefinedin (0, =) and thecosinehalfrangeseriesisgivenby

2

a
0
flx) = 5t Y a, cosnx, where
n o=l

brd n
30=% Jf(x)dx ;oa, :i _[f(x) cosnx dx
0

g



HALF RANGE FOURIER SERIES 89

5 an 3 n [
(L : -
aozgwj 3dx+ _[Od.x+j 3 dx
{] T3 m3
T3 bin
= 2 ,—1; j 1 dx - _{]d“t
i 0 23 ]
2 n/3 b4 ]
=51 1x] — x|
3 { 0 2n/3 J
2 '(n v oy
== -0y n- 3 =0
aU/z =

/3

0] 2a 3
' 3 7 .
2 H sin nx sinnx !
3 1 | » no I>
) 0 2n/3

EXERCISES

Obtain the cosine half range Fourier series for the following functions cver the
indicated interval.

L2
1. f(x)=[1-ﬂ in (0, 1)

2. flx)y=2x-11in (0, 2)

3. f(x) = cosax,aisnot anintegerin (0, 1)
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1 1
- - in0<x«<z
B 2 _[x in0<x<4
4. flx) = 31 5. f(x)_IS—x in 4<x<8
x— . in - <x <l .

2 2

Obtain the sine half range series for the following functions over the indicated
interval.

6. flx)=2x-1in 0 < x <1 7. f(x)zxzwxin0<x<1

M| =

x in 0

[/

X =

b

8. f(x) = 1—(-{} in 0<x<nm 9. f(x)=
1-x in s £x<1
2
, {
kx in ()ExS-i
10. f(x)= ] )
kil-x) in 22x<1

11, Show that the half range Fourier sine series for f(x) = k in (0, ) is
o 0 5y
4k [Sinx + 51r;3:i + ?’1%__‘; + } and hence deduce that

1 1
:1_34.5__,,.

L I

12, Show that the cosine halt range series for f(x) = asinx in (0, ) is
4a {1 cos2x  cosdi s bx

. ] and hence deduce that

nl2 1-3 3.5 5.7
1 B 1 N 1 B n-2
1-3 3.5 5.7 4
ANSWERS
1 4 =1 HTX
1 3 + 1:2 ? n2 cos j
8 = L X
2. 1- — > ‘ilw(—l)”j COS w5
T
sin aw 2a Sin 4am cos HxY

- 1
Z ( _ 1 )!I +
] 1 - a?

T
4 — E} 1 {1+c05 mt—2cosﬂl COS HTX
n21 5 2] 3¢



COMPLEX FOURIER SERIES 91

-16 = 1 n

5. Ty X3 { 1+ cos nm—2cos o
o on 8
-4 - 1 . -8 - 1 .

6. - > — Sin X 7. b3 -7, sin 2nfx
P 3 3

n=2,4,6 T =135 n

271 -1 Hwo .

8. n ? " SIn Hx 9, " % n2 sin 5 sin 1t
| n Y

10 —5 ¥ =3 nj sin ”I

T 1 H

Complex form of Fourier series

If f{x}isa periodic function of period 2mdefined in (¢, ¢ + 21 ) we have the Fourier
series of f(x)given by

a - -
f(x)zEOJr > a,cosny + Y bnsinnx (D

n=1 n=1

where a,, a,, b, aregivenby Euler's formulae.

OI
We know that,

e:@ + 8__ &) C:E) i

S e-+e T o @-e T =i e i
cos B = 3 , 5in B 5 5 )

Hence (1) becomes,

a = ) - _
0 H Y - b — i
f{ x) = E + 3 3 ( MY L mx) + ¥ 2___ ({,mx_(, m‘c)
n=1 n=t1
- @ + c .{i_’i:_{gf_ ; inx S| ibﬂ o
fixy=5+ X 2 L |72
o= n=1
a a —ib a_ +1ib
0, H 1 , H tH
Lt  Cy=, C,=—F5— C/=—5— 2
flxy=Cy+ ¥ C, D I )
n=1 n=1

We have the following basic integral,
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. L, e+ 21 -
I e ] [{,i ‘k-TJ' = —-1_— {cos kx + isin kx]“r o0
= A€ tik [ :

Integrating (3) w.r.t x between ¢, ¢+2n we have

c+2m c+2n
Jreoyar = ¢y farvov0 =) 12" = 2ng,
C C
c+2n
Cy = -;E [ fixydx @
c

- iHx

Now taking the expanded form of (3), multiplying by e and integrating w.r.t x
between ¢, c+2nby using the basicintegral evaluated earlier we have,

c+2n v+ 2
If(x)e‘””dszn J. 1-dx=2nC
1c+2n
C, =5, [ rexyemax . (5

[N

Similarly on multiplication of the expanded form of (3) by ¢"™ and integrating w.r.t x
between ¢, ¢+ 2 will give us

C+ 2T
,1 : .
¢ =5 | fixdin - (6)
s
fin - fb”
Introducing the notation C,” = C_ , we have C, = 5 for therange n = 1o
a,+ib Ty
and 7 fortherange n = —e to -1; C, = C, = 5 also for n = 0.
With these, (3) can be represented in the form
c+ 2%
- . 1 .
f(x)= T C,e™ where C, = [ reye™ax
n = e r

n is positive, negative or zero,

This is called the Camplex form of the Fourier serics or the exponential form of Fourier
series and the C, are called the Complex Fourier Cocfficients.
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c+2f
- ] s 1 - f s .
Also f(xy= ¥ C, A ith C, =% _[ flx)ye " Ydy is called as the

no= -

C
complex form of the Fourier series of f({x) having arbitrary period 2/ where
¢ <x <c+2l :

Note - 1. The working procedure for finding the complex form of Fourier series is same as

discussed in the earlier articles. We need to evaluate C appropriately.

Note-2. Wecan as well get the usual form of Fourier series from the Complex form of Fourier

A ..
i, Im the form ¢'® = cos O +isin 8

WORKED PROBLEMS

. . . fHY
series by taking the expression for ¢ or ¢

43. Find the complex form of the Fourier series for f(x) = in - <X <N

>> The complex Fourier series of f{ x) having period 2mis given by

ftxy= % €, ¢™ where

i o= —oe

b4

pry
1 — inx 1 : -inx g
CH = '21_[ If(x)e My = ‘2; JEJ - e dx
- -1

T

PR S G B VS E A ___[eu—m}q“
" 2m 2n(1-in) |

—— T
-7

- (l+iny [(1=imym = (1 -y
m(1+n7) '

1+in { . - . )
= (-—-- )— i et (cosnm—isinnm)—7¢ T { COs HTL + I Sin 1T )

E{(Tﬂ*rz]
g , . i
- ....(1_+F”‘)2_ (¢"—¢ ™ ycosnm = (1 +_m)2511_1h_::£( 1)
r(l1+n) 2n{l+n")
c _ (1+in)(-1)"sinhn
" r|:(1+n2)

Thus the required complex form of Fourier series is given by

sinhm 2 (1+i) (= 1) ne

n T 1+#

fix) =
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44. Obtain the Fourier series in the complex form for f(x) =x i1 —-nm < x < &
>> fix)y= % C, ¢ where
no= -8
1 T n
- Jomnx 1 —inx
C,= oo Jfeye ™ax = o [xem My
-7 -7
1 ¢ ha {)"' I]FT—|
= — —— -1 5 51 . byBernoulli’s rule,
2n -~ in " w | :
-— 7
—-1 . 'in
= _—— [ xe ' , since the second term is zero.
2nin b
-1 —nn FEIE: -1 M| - mm i
= —— (mw (=) ) = o (e = 2cosn
2min ( ( ) ) 2in (e { ) 2n SN
i _-l i
an(n)-,(n;tﬂ)

Thus the required complex form of the Fourier serics is given by

oo (-
fy=i ¥ U
H o= —oo
tn 2 0)

45. Obtain the complex form of the Fourier serics for the function

-k m —-n<x<0
+k in 0 <x <=®

f(x)={

T
- . 1
> )= % C. ¢ where C = —
fix) ) _L_’Q € ¢ = 5
= = -1
K i
_ L _poinx - inx
"= om I ke d:r+jke dx
- 0 :
i 0 hais N
f o mr o nx
-~ n !
0 |
= (1~ mn) —inm 1 )

2mn i

. J flxie inx gy
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_k_ ; {im Ty K
Cntzm;n'l2_(e T )i=ﬁ(2 2 cos nm)

PR
c :ﬂ;l___(nl) J, (n ?‘—'0)

Thus the required complex form of the Fourier series is given by

co ==y ¥

in H

46. Obtain the complex form of the Fourier series for f{x) = ¢ “in (-1,1)
»>> Here 2/ = 2 or | = 1. Henee we have,

flx)=%C, ¢ where C = ;lz Jf(x)e_mmdx

— D

1 1
1 - X —:‘nm 1: -(i+:mt)\
C”zi [ e =5 _[C’
-1 -1
~(1+r‘mt)r-1:l
an%_ f-’_ll
—{ +IIITE)J__1
(l+1m‘c) (]+nm) (l+mn) —(1+im‘t)
T —2(1+1m‘c) - 2_(_1;_1m)
£ (Cos nM+isinnn)—1/¢{ cos nm—isinnm)
B 201 +inam)
1 -1 H
(e-1/e)cosnm ¢ -¢ (—1) . . .
= P - o S =0
2(1+inm) 2 itipg STE ST
Cc = sinkl(—l)"(l-_fr_tn_)
"o 2 _2

1+n° 7w

Thus the required complex form of Fourier series is given by

sinh1(- 1) (1-inm) RELE:
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Practical Harmonic Analysis

So far, we have discussed the methods of obtaining the Fourier series of a known
function f(x) in a given interval. However, there will also be situations where in
there will be no known functional expression for f{ x) but only the values at some
equidistant points will be known.

Harmonic analysis is the process of finding the constant term and the first few cosine
and sine terms numerically.

The Fourier series of period 2 of a function y = f(x) will be of the form

a - -
0 .
flx) = > + > 4, COsHY + 3 b” sin nx,
n=1 =1
where the Fourier coefficients are given by
c+2n ¢ +2n ¢+ 2

1 1 .
fy = _[ f(x)dx, a = - _[ f(x) cos nxdx, b, = . I f{x) sin nxdx.
[ Iy

1
n
o

an/2 is called the constant term and the groups of terms (a,cosx + bl sin x ),

(@, cos 2x + b, sin 2x ) etc. are called the first harmonics, second harmonics etc.

To derive the relevant formulae, we need the following principle.

The mean value of a continuous function y = f(x) in the range (a, b) is given by
I
1
— ) d
b2 ‘;[ fxydx

Suppose we have a set of N values of ¥ = f(x) having period 2r at equidistant
points of x in the interval ¢ < x < c+2r or ¢ < x < ¢+ 2m, [if the values of y at
x=¢ and x = c+2n are given we must omit one of them. Infact
(y), o =(Y), o . oy by the periodic property f{x) = f(x+2n)] the Fourier

coefficients a,, a,, b, assume the following form by the earlier stated principle.

n

c+2n e 2m i
1 1

ay =~ ‘[ flx)dx =2 | ———— I_f(x)dx

(¢c+2n)-c
¢ J
Here a=c¢cb=c+2n

ie., g =2 [mean valueof f(x) =y in (¢, c+2n}]
. >y 2
ie., a0=2{—N—} or a{)=NZy
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c+2m [ C+ 2 1
a L jf(X)cosm'zh‘ :21—---—--1 jf{x)c%nxdx?
C ¥ c L(c+2n’}—c )
[ [y
, = 2[meanvalueof ycosny in (v, ¢+2n)]
cos nx | ?
ie., a, = 2 {Z_‘fﬁ_ J or a, = N > 1y cos ax
o y sin nx 2
Similarly & =2 [ZfiN } or b, =5 % y sin nx

Suppose we have a set of N valuesof y = f({x) having period 2/ at equidistant
points of x inthe interval ¢ < x < c+2lor ¢ < x € ¢+ 2

a, = 2 {Z ’__'—N—'—' ysin (nnx/1) }

27N
Taking 6 = nx /!

i; b :2(
1

S

2 5 2 o
TN 2 ycosnb, b =y 2 ysinnd,

it H

Note : Al these fornulae holds good for half vange Fourier series also.

Working procedure for problems

< Wehave to first write down the period of y = f(x) from the given range of the
values of x.

< Iftheperiodis 2x, depending on the harmonics required we prepare the relevant
table along with the summations (Y) ofy; ycosx, ycos2x...; ,ysin x, y sin 2x...
and compute the harmonics using the formulae derived by taking
n=1 2, ...

& If the period is not 2m we equate it with 21 to obtain the value of /.

& The summations of y; ycos0, ycos28,.; ysin®, ysin26..where 8 = mx/!
will be required to compute the desired harmonics.

WORKED PROBLEMS

47. Determine the constant term and the first cosine and sine terms of the Fourier series
expansion of y from the following data.

" 0 45 9w 135 18 225 270 ' 315
vy 2 /2 112 0 12 1 1 32

>> Here the interval of xis 0" to 360" Thatis 0 < x < 2m .We have to find
ay; (A, bl ). This reguires the summation of y, y cos x, ¥ sin x.



98 FOURIER SERIES

+° Y | cosxm. i y €oS X sinx Y sin x
R L I T I
M5 07071 106065 | 07071 ) 106065
W M0 0 L0 1w
135 ) 0.5 s 0.7071 J —-0.35355 lr 0.7071 ! 0.35355
180 0 - 0 q 0 0
2505 -on7 | o-o3ssss  -0771 | -03885
270 0 4o 0 -1 -
LA s o s o7 |- 06
Totals . 80 : o . 3.4142 n | 0

2 2 2 o
aozNZy, a1=Nzycosx, blzﬁlysmx, N = 8.

Also from the table,

Yy =80 Y ycosxy =34142, ¥ ysinx = 0.

a4y =35 (80)=2 or 5 =1; a =2 (34142) = 085355 b, = £(0) =0

The Fourier series of y up to the first harmonic is given by

y=ay,2+a cosx+b, sinx

1

Thus y = 1+0.85355 cos x

48. Obtain the Fourier series of y up to the second harmonics for the following values.

0 4w 135 180 i\ 25 | 27 315 360
oy a0 0 38 0 24 0 20 Do_as 1o 2.8 34

>> Theintervalof x is 0 < » £ 21 and periodof ¥ = f(x) is 2n We have to
compute By ), bl P8y, b2

aO = _ﬁ Zy’ a] = N Z ycosxr b] = _N_ Zysn*lx
: 2§ in g 21
ay = Lycos2x, by =5 Y ysin2x. Here N=8; 5 =,
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Ly - cosx | yeosx  sinx  ysinx | cos2y ycos2x sin2x | ysin2y
45 . 40 . 07071 | 28284 07071 2.8284 o , 0 1 4.0

.o . .._:. E— . ? e e ._T. i e s PR —— n . . . [ TS -
90 38 0 0 1 38 -1 . =38 0 0

135 24 . -07071—1.69704 07071 1.69704 0 ] -1 -2.4

18 20 -1 -20 o 0 ! 20 0 0
|25 _15 0707 106065 0707 106065, 0 0 1 | -15
I T T T S nll oo 0

528 077 e o cremes 00 <1 |28 |
0341 34 o |r 0t 3|0 0
Towls 169 . sST..7aoen. 1 | -27

From the table,

Yy=169, ¥ ycosxy = 557189, ¥ ysinx = 7.40621,

Y ycos2x = 16, Y ysin2y = ~27

a, = 1/4-(16.9) = 4.225, a,/2 = 2.1125,
a, = 1/4-(557189) = 1.393. b, = 1/4-(7.40621) = 18516
a, = 1/4-(16) = 0.4 by = 1/4-(~27) = ~0.675

The Fourier series of y up to the second harmonic is given by

y = aU/?. + (ulcosx+b.l Sinx}+(azcos?.r+b25in2x)

49 . Given the following table

x 0 e Loose® 20”0 300
y _ 7.9 |72 36 ' 05 09 68

Obtain the Fourier series neglecting terms higher than first harmonics.
>> Here the interval of xis 0V to 360". Thatis 0 < x < 21

We are required to find a,, a,, bl only.

(LA
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| T

o7

| 60 72
120 i 2.6

.80 .05

B 240 0.9

|L 30 68

" Totals 269

Here N=6 ; 2/N=173

ﬂ0=§2y :

=
|

2
1= N 3 ycosx

_._.2 H
bl—ﬁZysmx

The Fourier series upto the first harmonic is given by

¥y =ay/2 + (a; cosx+b siny)

I

0.5

% (269) = 8.9667

1
5 (1215)

Y Ccos x

79

3.6
-18
—05

3.4

12.15

= 4.05

; {2.6846 ) = 0.8949

—0.45

.
T2

| ysinxy .
o6 a2 |
0866 . 3117
-0866 | 07794
~0.866 -5.8888 |
2688
= 4.48335

50. The turning moment T on the crank shaft of a steam engine for the crank angle © is given

as follows.
0 } 0 30 | e0
2 , !
T 27,52

90

7
1

8.1

120

130 180
+ 83 79

Expand T as a Fourier series up to first harmonics.

»> Heretheintervaliof 0 is 0

pa
fy = EZT' a, =

Z[m

210 | 240 270 300
_'____..._ -

55 41 26 ____1_7_2 i

I Ikt S

< 0 < 2n Periodof Tis 2. We are required to find
ay, ay, b The corresponding formulae are

S Tcos®, b

N > Tsinh. N =12, -

ZIN
c\Ir—-‘
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g" : T - cos D Tcos8 ~ sin®  Tsin®
s 27 oses 232 05 135
e e U e T a6 oms | asem |
B T S S I
T e S A 0866 . | 701%
150 83 . - 0866 —7.1878 05 - 415

s 79 -1 -79 0 0

M| 68 -ose  -Sses 05 30

w55 .05 -275 -0866 4763

T P

0 26 05 1.3 0866 | -22516 |

3'3(1" o 12 | 0.866 | 10392 - —0,5-” _+_ - 0.6 | ]

Total.s. 59.4. o . ) - 20.4992 o R | 89[;32 -
a(,—%ET :%(59.4}=9,9 ; £—3’-:4.95
a, = -é > T cosB = é (—-20.4992) = —3.4165
b, = l ST sing = 1 (8.9032) = 1.4839
6 6
The Fourier series upto the first harmonic is given by
T=f(8)= aO/Z + (ay cos{)+b] sin @)
Thus T = 4.95- 3.4165 cos 0+ 1.4839 sin B
51. Express y as a Fourier series upto the third harmoenics given
T T T 7 S R SR C N -
yooo 198 0 130 1S L3 -088  -025 L9

>> Here the interval of x is (0 € x € 2n) and the values of y at x = 0 and
X = 27 must be same by the periodic property f(x+2n) = f(x). In the given
problem the values of y at x = 0 and 21 both are given and we must omit one of
them. Let us omit the last value. The values of x in degrees are 0, 60, 120, 180, 240, 300
and N = 6.
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The relevant table is formulated by considering the values of cosx, sinx ;
cos 2x, sin 2x ; cos 3x, sin3x rounded off to three places of decimals and then
multiplied by the values of y.

I 0 . vy ycos x I ycos 2x I Y cos 3x ysinx ysin2x : ysin3x ,
B B S C I R B
60 13 '} 065 - 0.65 ~13 L1258 | 11258 | 0 |
120 0 1051 —0s25 0525 105 009 | 09093 | O
180 13 13 . 13 . -13 0 1_ o0
240 088 044 | 044 | -088 | 076208 076208 0
| 300 . -025 -0.125 ' 0125 | 025 0.2165 02165 0
Totals | 45 112 | 267 02 3.01368 -032908 | 0 |
2 1 v
a0=ﬁzy 2'3‘(4.5)21.5 '2'=U.75
. : - 1 (112) = 0373
a]—NZycoax —3(. ) = 0.37;
-2 2 . (267) = 0.89
aZ—NZycosx =5 (2 ) =10
2 33 —l(—(}2 = —(.0667
aa—NZycc)bx =3 2} =-0C
b, = 2 in x ! 3.01368) = 1.00456
1N > ysinx =3 (3. = 1
b, = 2 3in 2x _ 1 -032908) = - 0.1097
2 N Z i s - 3 ( - ) - .
2 L 1
b3=ﬁ2ysm31 :3(U)=0‘

Fourier series up to third harmonics is given by
y = ;:IO/ZJr(a.1 c05x+b1 sinx)+(azc052x+b2 sian)+(a3cos3x+b3sin3x)

Thus y = 0.75+(0.3733 cos x + 1.00456 sin x )
+( 0.89 cos 2x — 0.1097 sin 2x ) + ( — 0,0667 cos 3x)
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52. Find the Fourier series to represent y (x) upto the second harmonic from the follwing
dala :

_T_ e e e

0 30 : 60 90 | 120 150 ‘ 180 210 240

R N

‘ 270 |300 330 © 360 |
y 234301 368 415 369 | 220'08% 051

|
JI -
;088

109 119 1.64§

>> The period of y(x) is 2n = 368 and the Fourier series upto the second
harmonic is given by

y{x)=4ay/2 + a,cosx+a,c082x +b, sinx +b, sin 2x

1 2

where a0=% Y. oq =%Zycosx, ay = ‘,i, Y ycos 2x

2 . 2 . _
I—NZysml, b, = N 3 ysin2x ;

gl
|

Here N =12 andwe prepare the following table.

oy y COS X Ecost sinx - sin2x | ycosx ycost ysmx ystx

30 234 ;087 | 05 | 05 087 | 20358 | 117 117 ; 20358
60 301 © 05 | —05 | 087 087 | 1505 | —1505 26187 26187
90 368 0 | -1 10 0 | _368 368 0

120 415 -05 | -05 | 087 | -087|-2075 | 207536105 - 36105
150 369 | -087| 05 05 |-087 1-32103! 1845 1845 -32103 |
180 220 ' -1 1 000 1 0 . -22 ; 22 0 0
210 | 0.83 i'— 087| 05 i‘(’.?.._k_.??? -07 7*21' 0415 04151 07221
240 0.51 5-0.5___-__9_._5_. _ 08_7__ [ 087 —0255 -0255 5-0.4_4_3_7 04437
w0 088 0 | -1 -1 0 0 08 -088| 0
300 . 109 | 05 | -05 087 —0.87._ 0.545 _—0.545f 09483 - 0.9483
330 119 087 .____9:5__4.—.0.5__410-_37_____1_-_9353___ 0.595 1 -0.595 | -1.0353
- 360 16441 v 0 164 164 l LU
Totals | 2521 | S, 17013 -1075 9.6422 | -2.9841
25.21 %

4 =" g —42017,2=2‘1
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-1.7013 ~1.075

a, = '6 —=-0.28, a,= f = -0.18
9.6422 -2 .9541
by = ot =161, by = =S5 =208

Thus the required Fourier series upto the second harmonic is given by

y(x)=2.14(-0.28cosx+1.61sinx} +(—-0.18cos2x-0.5sin2x)

53.  Compitte the first kwo harmonics of the Fourier series of f(x ) given the following table

X _ 0 /3 23 i An,3 5r/3 21
flx)y |10 1.4 19 17 15 12 1.0

>> We have values of f(x) = v intheinterval 0 € x € 21 and hence we omit the
last value f(2n) = 1.0 which is same as f( 0 ). The relevant table for computing the
first two harmonics is as follows.

W v | cos X | cos 2x | sin x ;111 2,\'" - "y cosx I cOs 2y | ysinx y sin2y
60 14 05 -05 0866 0 086 07 -07 12124 12124
120 0 19 - 05 05 086 0866 095 -095 16454 — 1 6454

“*U 17 1 i R oo T 17 o o
e 15—”“1 (05 -ukee 066 -07S 0 -075  -1299 1299

300 1.2 ._{}.5 '.—.(_},5 _ - {1860 . (L86k : tle . -6 . —1.(]392 —1..0392 .
Totals | 11 11 0 -03 ' 0519  —01732

2 : 2
iy =N2ycosx :-6.-(—].1) = —-0.367
2 2
ﬂzzﬁz_ycosl\' =6(—0,3) = ~1}.1
b, = 2 Y oysmyx ;g.([}.S]%) =0.1732
1 N : 6
2

(=0.1732) = -0.0577

2
= - . =1 7 i
b N ¥ ysin2x o

The first two harmonics are
a.cosx+ b osiny) and (a, cos 2y + b, sin 2x ). Thus they are
1 1 2 2 J

(—0.367cosx+0.1732sinx) and (-0.1cos2x—-0.0577sin2x)
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54, Obtain the constant termand the coefficients of the first cosine and sine terms in the Fourier
expansion of y from the tablc
X o1 2 S O - !
¥ Y 18 24 28 | ! ;

26 20

>> The valuesat{,1,2,3,4,5are given (N = 6) and hence the interval of x should
be 0 £x < 6.

length of the interval is 6 -0 = 6. Comparing with 2/ we have 2/ = 6.0or | = 3.
The Fourier series of period 27 is given by

a -

0 \ HITX . HIX
v=f(x)=—+ Y g cos-7—+ Y b sin——
h . 2 L " ! i H !
no=1 =1
Since ! = 3, the series containing the first harmonics is
a )
0 X . TIX
yzf(x)z-é +n1cus3 +E‘J]sm3
a
- Y 0 . . : 2 1
Writing 3 =0,y = 5 +a]wsﬂ+b.lsml},i\—6 and N3
¥ B =m/3 y c0os 0 : ycosB sin B ysin®
0 0 9 T 9 o 0
1 R 18 05 | 9 086 | 15588
2 T U 2 ~05 | -1 0866 | 20784
3 180" 28 -1 - 28 0 : 0
¢ o 2 —05 1 13 - 0.866 ~22516
2 C 300 | 20 05 10 -0.866 -17.32
Total , .12 . Y . - 3.464
1= 2 5 _ ! (125) = 11.67 ; EQ = 20.835
a9 =35 XY =5 5) =467 5 = 2083
-2 by £ ] 25) =~ —8.333
a]_N‘_ycos ~3(—‘J}-—.h
b 2 6 ! 3.464 55
1= sin = (~3464) = - 1.158
1= N 2Y 3 64)
Constant term = aU/2 = 20.835
Coefficient of the first cosine term = a, = —8.333
Coefficient of the first sine term = bl = —1.155



106

FOURIER SERIES

55. Express y as a Fourier series up to the third harmonics given the following values.

X : 0 1
Y |» 4 _ 8

2

15

|
!
1

3| 5
.....___._!_ . =
s

>> Asin the previous problem the interval of xis 0 € x < 6

2l=6 or I =3,N=2s8

v

2/N =1/3

Fourier series up to the third harmonics is given by

iIO
y'"*j

)
+ | Ay cos

_ % m
y=5 1|4 cog 3

Putting nx/3 = 6

+ b.l sin -

s
. TX
+blsm3 ‘+[
r

b + i(n cos—— + b m i
! j |\ 2 ! 2 { j
3Ty : 3
+ | a, cos ™ + b sm—x |, where { =3
3 / 3 / j
) _ 2nx b s 21'rx\L
azaos—g’ + b, sin 3 )
+ cosB—m + b, si dnx )
|\a'3 3 4 SIN 3 J

y = aox’Z + (a,cosB+b, sinE))+(ﬂ2COS28+b2sh128)+(a3c0539+b3sin38)

x _(]:TU’/:;_:

o . 0 ; ¢
1 e | 8 1
2 ! 15 75 }
3 1;05”-! 7 7 }

. T T
5 a® 2
ot 2] s

¥ | yeos® ycos20 | ycos30 _____Hiiﬂﬂ_Jjﬁiﬂ__ZQ_i ysin30

O T
4 | -8 6928 6928 0 |
75 015 {129 _1299 0 |
e T !
T e | s ; .
1 2 -7 Loz 0
a5 | 8 1299 | —2598 | O

Hzo -
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2 1 . 2 : 1
{I1=NZ};COSB=5(-8.5)=—2.833 bl:l—\iz‘ysmﬂ =-3{12.99):4‘33
—ZT 28—1(-45 =-15 b = 25y 29—1 —2598) = ~0.866
4 = 5 2 ycos2h =3 D)y =-15 z—lesm -3( 598) = —0.
2 1 2 . 1
a3=ﬁ2yc0538:§(8) 2.667 bgzglybmh'&()::_; (0)=20

The required Fourier series upto the third harmonics is given by

X .Y 2mx .2
y =7-2833 cos 7 + 433 sin . ~15cos ;0866 sin ~I- + 2667 cosnx

56, Obtain the constant term and the first three coefficients in the Fourier cosine series for y
using thefoﬂowmq table :

| R . | . C o e — e

x | 0 : 1 2 3 4

. |

B A .= S i
H | !

! |

y 4 ' 8 15 7 6

5

2

»>>» Heretheintervalofxis 0 £ v < 6 and since the coefficients of the Fourier cosine
series are to be found we have to conclude that it should be the cosine half range Fourier
series of y = f(x) in (0, 6). Comparing with half the range (0, [) we get
! = 6 and the Fourier cosine series is of the form

by = _nrx
y = _2‘ + % ﬂ” cOs 'z"'.
. _ { mx 'i { 2mx 3mx |
te., y= 5 ta COSL_Ew #+GCOSL 6 .‘+H3COS _J+'”

Putting mx/6 = 6 the Fourier series upto third harmonics assumes the form

1 €05 8+, cos 28 + a1, cos 36 )]

y=a,/2+a
We have to compute a,/2 {cosntant ternt), 4, a, 4, by the formulae

2 2 2 2
TN IV, M=y T oycosh, ay= 5 Y yoos28, 4y =5 3y cos 38
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The relevant table is as follows :

| X | __8 i__y__ms{) u)sé(} cos 30 _t,!_c_osﬂ Y cos 20 "1;:0_530 |
B T
1 | a0 8 086 05 | 0 6926 4 0
w00
4 0 6 ‘ -05  -05 1 -3 1 -3 6
5 'ir_;gf;'“—h.aaa o5 0 172 1 0
s e mes as s

Here, 3 y =42, Y ycos8 =13.69, Y ycos26 = -85, ¥ ycos30 = -5

1
a = . (42) =14 . — =7; a, =7 (13.696) = 4.563
3 2 173

1 1
az—g(—8.5):—2.833; a3 = 4 (=5) = ~ 1667
The required values a,/2, a,, a,, a, arerespectively

7, 4565, —~2.833 and - 1.667

57.  Obtain the constant term and the coefficients of sin® and sin20 in the Fourier
expansion of y given the following data
e 0 60 120 1 180 240 1300 0 360

y 0 92 144 178 173 117 0
>> Here the interval of 8 is (0, 360°). Thatis 0 < 6 € 2n  and the value of y
at 6 =0 and B =21 must be the samc by the periodic property
f(0+2n) = f(0). When the values are given bothat 8 = 0 and 0 = 21 we must
omit one of them. We need to compute the coefficient of : sin@ being b, and

sin 20 being b, in the Fourier expansion of y using the formulae,

2 2
by = N 2 ysin® , b, = N Z sin 20, where N = 6 by omitting the last value.

The relevant table is as follows.
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g ¥ ity B | :;in pl3] | .Lfs;inﬂ “ i 5in 26
0 i o o0 o 0
0 92 086 0866 79672 79672
120 144 0.866 —0.866 124704 124704
S oo E
w0 ma oss 086 laoms SIS
X7 ose <086 10132 10182 |
Total —4.6764 l 0.3464
Thus we have
b, - %)- (~4676%) = ~15588 b, = - (03364) = 01155

The following values of y and x are given. Find the Tourier series of y upto second
harmoinics.

X 0 2 48 8 10 12

vt 90 . 182 1 244 27.8 275 20 | 90

>> The values of y at ¥ = 0 and x = 12 are same. Hence the interval of x is

(0,

12). That is 0 < x £ 12 and we shall omit the value of y for x = 12 in the

process of calculation,

The Fourier series of period 2/ is given by

Putting [

. o S o 7 ., AmX
y=f{x)= Y + 3 4,08 o ¥ !r” sin =,
n=1 o= |

6, the Fourier series up to the second harmonics is given by

. - B n s ) y . E . _T[‘t 5 : ‘ an N E . _2111' v
y=f(x)= ) + | 4y cos - 7, sin ‘ + 1, 008 A 7, S ¢

b 7 "\ 7

Putting & = nx/6 we have

y = aU/2 + (a,cos B+ b, sin 8)+ (a,cos 20+ 1;2 sin26 ).
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The relevant table is as follows :

- . . _. e . —- Sy oy
X I

¥ 9“ = nx/6 Cosﬂ v 1058 (cos 20 ycos20 sinB u:-.mB sin 28 oy sin 26

R I N T 1[__9.0 o o0 o
2 182] w0 05 o1 —954 ~91 0866 157612 0866 | 157612
o mal om0 0522 as|oua 0] 20108 Cose -oniaod
6 |8 w0 -1 -8l 1 w8 0| 0 0 0
__g :27.5 * 240 ~05 —13.75 —U'% L—l‘%?'ﬁ —U 866—23815i 086_6 _23‘815:
10 Egi _____ 300 ____9_5_ 1.0 -05 | —11._(_)___-_?_0_.866 —199_5_2!—08663—19.[_)52_1!
Towzss el ez o |-somsa -0.s062
2 20
ag = TV = (1289) 42967 . o = 214835

2 2
ay = T ycosh = g (-2465) = -8217

=
|

[SATN AV

2
27 N > ycos2H (=9.25) ~ -3.083

| ha

2 .
b, = N Z ysin 0 {(—59754) = —1.9918

(- 0.6062) =~ —0.202

It
o ka3

2 .
b, = N % ysin20
The required Fourier series up to the second harmonicsis given by

y=f(x)= 21.4835+(~8.217 cos % ~ 1.9918 sin ’%XJ

59. The following data gives the variations of a periodic current over a period.

t secs 0 T/6 - T/3 T/2 2T/3 . 5T/é6 T
A amps 90 . 182 244 278 275 | 20 ¢ 90

Find uummcah’y the direct current part of Hhe sariable cirrent and obtain the amplitudes
upto the second harmonic.
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>> We observe that the valuesof A at + = 0 and { = T are the same. Hence we shall
omit the last value. We convert A = f( t) to the period 2 by putting® = 2n (/T )so
that wehave 8 = Owhent = Jand 8 = 21 when t = T. The corresponding values of

0 are respectively 0°, 60°, 120°, 180", 240°, 300°, 360"
The Fourier series upto the second harmonics is represented by
A =ay2 + (a cosB+b sinb) + (a2c052(}+bzsin20)
We prepare the relevant table considering the valuesof A and 8 in 0 £ 0 < 2n.
Since the data is same as in Problem - 58 the Fourier series is given by
A=f(0)=21.4835+(-8.217cos0-1.9918sin0)
+(-3.083c0s20~-0.202sin20)

The direct current part of the variable current is the constant term in the Fourier series
being 21.4835

Amplitude of the first harmonic = V'a? + bi‘ = 8.455

Amplitude of the second harmonic = \“a% + bg =3.09

ADDITIONAL PROBLEMS
[ From the previous VIU question papers |

60. Expand f(x) = ¢ * asa Fourier series in the interval (=1, 1)

>> The Fourier series of period 2/ is given by
a = o :
f(x):EOJr X a, cos ﬂf__+ L b sin ng![-:t;—f<x<f

n=1 n=1

Here we have,

[t .
e, L -1 Ly -t 2sinkl
=7 Ie dx = |:—£. ll" (¢ —-¢)= = ]

a,/2 = 2sinhi/I
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i
JTTA
a, =7 _‘-f(x] s~ idx
-1
f
1 _ 1 i
= J':’ Y cos -?---t,--- dv and by a standard formula,
.y
e i
iy 1 | ¢ ATX M LT |
= - o s s 4 5 sin o
R R e ! ! C

_ . _ ‘
= Sy : "ecosnm - o cosnm  since sinnm = 0.
“+nnm
. *lcosnn(el—e_") 2 (-1)"sinhi
_teosum (e —¢e ) o) s
" Pen?n? I

{
n

1 . .
b, = n _[_}‘( X} sin | dx
-1

{
1 _ . N
=7 J-e Y sin ; dx and by a standard formula
-
_ i
1 ( ¢! . HTmX  Hnm rm:x] |
b” =TT s SN P o8 il |
1+ (andy” ; J—f
-1 i et i )
= e e 0% - COS T
2 2.2 {
F+unx

HTCOS T (c’!—v"'r) _2nm(-1 ! sindi

3 . LR
=+ 112 m I

Thus the required Fourier series is given by

sin Al
I

— X

21 (~1)" sinhl

1 f2+n2n;2 ! F+PIZTI2

nm(-1)" sinkl

HTLY
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61. Find the half range cosine series for the finction

X i <y <12 :
flx) = {izfi”r )U i lb_,_’ < v <l where k is a constant.

>> The cosine half range Fourierseriesof f (x)in 0 < x < [is given by

a o

oY .
f(x) = > +” ? la” s

Ny
{

! !
where, a, = —? jf(x) dx and a, = ? I_f(_r) COs s dx
0

!
0
. F12 { 1
Now a, = 2{ jx dx + J(in-x) idx |
L 0 f42 J
i72 I \E
_gk_ [YZ—F 4 h‘_:{zi !
BRI R
0 {2
{2 2% (2 2y 2
- Ny NP - S
! 8 \ 25 2 8 ) J i 4 2
4, /2=Ks4
ok ‘ 172 ] ! ‘
a4, =, - Jrcos-m@l de+ | (I-x) cos m dx
H / i !
_f.f’Z
e J{ sin n:;cx — COS -}.I—T,E w
:_____'1 Y21 ,
{ nﬂ/! ( ”n/IJ
_ {
i . HEX Hnmx
sin —, - — COS N
+1(I—X) __(_]) _______ _
i nm/l (nm/1)?

—

"

)
—
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2k J ! (f sin Hm [}}+ ? (co nmn 1\
A0 LI i LA o
Dl (270270 )7 22 S92
+--I-- /()—--{ st in_\_ ’ cos 1T — cos o
nr | 5 §in 2 | T e s 05 5 |
% P
= Z‘ZCOSTI—]—COSHR)
nTmt o < J
2kl nm "
bn=;2_;2 {ZCDSZ -[1+(~1) ]}

Thus the required cosine half range Fourier series is given by

f(x)—%+—21—t§—l E: 1 {2cos’12—n—[1+(—1)"]}cos mizx

62. The following table gives the variations of a periodic current A over a period T
. | S L

| | . a s |
it(_sec)_ 0 T/6 /3 T/2 0 2T/3 . 5T/6 | T

—d— ! !

A(amp) 198 1.30 L05 130 | -088 | _oo5 | 198

Shotw that there is a constant part of 0.75 amp in the current A and also obtain the amplitude
of the first harmonic.

>> We convert A = f({)to period 2r by putting 8 = 2n ( ¢/T ). The corresponding
values of 8 are respectively 0-, 60°, 1207, 1807, 240°, 300° and 360°.

Since the value of A at 8 = 0" and € = 360 are the same, we omit the last value.

We need to prepare the table with column heads 6°, A ; cos®, sing ;
AcosB, Asin® and equip with XA, X Acos8 and X Asin6,

[Refer Problem-51 for computations]
We have obtained aq = 075 ; a, = 03733, b'l = 1.00456.

This shows that the constant part in the current A is 0.75 amp., being the constant
term a, of the Fourier series.

Also the amplitude of the first bharmonic = \[;1?—:?;_

Amplitude is given by V(0.3733 )2 + ( 1.00456 )> = 1.07168
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63, Erprew y irt a Fourter series upto second harmomcs given

X

0

0

30 ‘ 60

90 ° 120

y 180 | 110 ‘ 030 016 050 ; 130 | 216

150 1 180

A
210 240 | 270 ' 300 330
| 1.25 130 152 | 176 2.00

>> The period of y = f(x)is2n = 360° and we prepare the following table.

Here N = 12

L0 0y | esx sz wimx | sinde yeost | yoosar | ysinx | ysine
o s Lo poo s s [ oo
©30 1.1 0.87 0.5 05 1 087 1 0957 (.55 0.55 0.957
e o3 | 05 —os osr | 'o.'sy'"‘” 015 -015 | 0261 | 0261
90 0.16 0 -1 1 | 0 0o —6:1_6 016 0
120 1 05 -05 -05 087 ' __Ofi_ I -025 025 | 0435 - 0.435
Bo A3 [ ces 05 05 | f“?ll L131 ;____FE5 ves | L1l
180216 ¢ -1 G U i f215_h_{%mnr_ 0 0
210 125 ! —087 0.5 05 0.87 | -10875 i 0625 - -0625 | 10875
240 13 -05 | -05 -087 .: 0.87 T —Ufm‘;- —_005_1 - 1_;%1 1.131
270 1.52 0 -1 -1 o ' 0 __”;1j5_2“ o 152 0
300 176 © 05 | -05 -087 -0.87 ' 0.88 -0.88 ‘ ~1.5312 | —1.5312
330 | 2 0.87 0.5 —05  -087 174 o -1 . -174
zm']:ota | 15.15 R o285 | 3. ;75___-3_75_1_2__—14007
a4 = 2 Sy — (1515%) = 2525 ; g,./2 = 1.2625
N 12 0
a, = 2 S ycosx 2 (0.2485) = 0.0414
1 N 12
2y = 2 3 ycos 2x g(3.]75) = (0.5292
N 2
b, = N 3 ysinx B 3.7512) = - 0.6252
by =5 X ysin2x = 2 (—1.4007) = - 02335
N & 12
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The Fourier series of y = f( x ) upto second harmonics is given by

y=a,/2+ (a4, cosx+ bl siny) + (Hz COS Z?_‘c+b2 sin 2x )

EXERCISES
1. Analyse the following data harmonically upto the second harmonic,
S I RS N S ST
S0 200 240 270300 - 330
B EIC I GRS

2. Determine the first two harmomcs in the Fourier series of ¥ given the data

0 0 3 ' w3 w4l : 51/3  on
w108 w6 04 o7 09 a1 08
3. Express J' asa Fourler series upto the second harmonic given
IR S . R R R
4. In a machine the displacement y of a gl\« en point is gwen for certain angleb of ©.
' 90___ ;) —{_'50 60 a0 : 120 -._150 180 |
v 82 se a7 es
v | 210 240 270 300 330
po02 s 25 | a7 e

Find the coefficients of sin® and sin2 6 in the Fourier expansion of .

5. Determine the first harmonic of the Fourier series for the values

O] o 30 60 90 120 0 150 | 180 |

———- .._.....____.]. — e - . - . e s . - _.__._...__E e e i _.!
y -3 207 529 . 9.57 102 468 3
R 210 | 240 270 ¢ 300 330 360

y 612 1 63 225 | -379 —687; -3
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6. The values of i, a periodic function of x, are given below for twelve equidistant
values of x covering the whole period. Express i in a Fourier series as far as the

third harmonics if the first value is for v = 30",

1.8,1.1,0.3,0.16,0.5, 1.5, 2.16. 1.88, 1.25, 1.3, 1.76, 2.

{Values of the Fourier cogfficicnts be given corrvect to two decimals)
7. The turning moment T on the crank shaft of a steam engine for the crank angle

0 is given

e o . 15 0035 o 75w
T 0 i 27 L os2 7 s1 83 | 79
N 05 120 135150 165
T es 55 a1 26 12

Exapand T as a series of sinc uptoe the second harmonics.

8. (Obtain the constant term and the coefficients of cos 8 and cos 2 0 inthe Fourier
expansion of y given the data

o0 0o B 90 135 180 25 1270 315 360

v 5 4 > 1 o - 5
9. Analyse the following data upto the first harmonic.

x 0 T2 3 4 5 6 . 7 £ 9 1001

v o7 9 113 8 -7 -9 -ul-13 -4 -8

10. Obtain the constant term and the first three coefficients in the Fourier cosine series
of i using the following table.

e
v 8 6 S . i
ANSWERS

1, {300sinx )Y + (100 cos2v+ 173 5in 2v)
2. (0. Tcosx~028%siny) and (0 -cos2x+0-sin2x)

3. 4+ (033 cosx - 1.732sin v} | second harmonic is zero |
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4, bl = 1.492; b2 = —0.072
5. - 4502 cos x+3.1718 sin x

6. 131+ (= .07 cos x — 0.62 sin x } + ( 0.64 cos 2x - 0.18 sin 2x )
+(=0.11 cos 3x — 0.02 sin 3x )

7. 7.837 sin 6 + 1.484 sin 20
8. Const. term = 0, Coeff. of cos 8 = 3.56, Coeff.of cos 28 = 0

9. 0+ [2.122 cos (mx/6) +14.384 sin (n‘x/é)]

10. 75, 039, 1, 4333



